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Solutions of the Einstein equations with matter
Alan D. Rendall* , Institut des Hautes Etudes Scientifiques, 35 Route de
Chartres, 91440 Bures-sur-Yvette, France.
Abstract
Recent results on solutions of the Einstein equations with matter are sur-
veyed and a number of open questions are stated. The first group of results
presented concern asymptotically flat spacetimes, both stationary and dy-
namical. Then there is a discussion of solutions of the equations describing
matter in special relativity and Newtonian gravitational theory and their
relevance for general relativity. Next spatially compact solutions of the
Einstein-matter equations are presented. Finally some remarks are made
on the methods which have been used, and could be used in the future, to
study solutions of the Einstein equations with matter.
1. Introduction
The aim of this paper is to give an overview of recent results on solu-
tions of the Einstein equations with matter and to present a number of open
questions. The first thing which needs to be done is to delimit the area to be
surveyed. The choice of which subjects are discussed is of course subjective.
The word ‘matter’ indicates, in the context of this paper, that at least one of
the fields which model the matter content of spacetime in a particular solu-
tion can be physically interpreted as describing matter made up of massive
particles; in other words spacetimes which are empty or which only contain
radiation are not included. Furthermore, only exact solutions of the Einstein
equations are considered and approximate solutions (analytic or numerical)
are only mentioned insofar as they are directly relevant to the main topic.
The solutions discussed satisfy reasonable spatial boundary conditions and
are smooth in the sense that they do not contain any distributional matter
sources. The reason for concentrating on solutions of this type is the wish to
consider situations where the Cauchy problem is known to be well-posed so
that solutions can, if desired, be specified in terms of initial data. Finally,
the phrase ‘exact solutions’ is used here in the literal sense and not in the
sense of ‘explicit solutions’, as is common in general relativity.
There are two main reasons for studying solutions of the Einstein equa-
tions with matter. The first is the possibility of using them to model as-
trophysical phenomena. The second is to obtain insight into questions of
principle in general relativity such as the nature of spacetime singularities
and cosmic censorship. Both of these aspects are discussed in the following.
* Present address: Max-Planck-Institut fu¨r Gravitationsphysik, Schlaatz-
weg 1, 14473 Potsdam, Germany.
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It should be noted that in the case of the second of these motivations, the
study of the Einstein equations with matter may even provide insights into
the dynamics of the vacuum Einstein equations. On the one hand there
is the possibility of thinking of a solution of the vacuum equations as ap-
proximately represented by a large scale geometry generated by a ‘source’
which is the effective energy-momentum of gravitational waves. On the other
hand the inclusion of matter provides a wider range of examples where it is
possible in a relatively simple context of highly symmetric solutions to gain
intuition about the dynamics of the Einstein equations and develop math-
ematical tools which can be used to understand this dynamics. Spherically
symmetric spacetimes are the most obvious examples of the latter possibility.
In order to talk about a solution of the Einstein equations with matter it
is necessary to specify what the matter fields are (i.e. what kind of geomet-
rical objects are used to describe them), how the energy-momentum tensor
is built from these fields and the metric and what the matter field equations
are. A solution of the Einstein equations with matter (or a solution of the
Einstein-matter equations) is then a solution of the coupled system of par-
tial differential equations consisting of the Einstein equations and the matter
field equations. The specific matter models occurring in this paper are the
following:
1) perfect fluids described by the Euler equation
2) kinetic theory, where the matter field equation is the Boltzmann equation
(including the special case of collisionless matter where it reduces to the
Vlasov equation)
3) elastic solids
4) any of 1)-3) coupled to an electromagnetic field in an appropriate manner
All of these matter models may be described as phenomenological. There is
no mention here of matter fields described by fermions for the simple reason
that the author is not aware of any relevant mathematical results in that
case. The subject of viscous fluids is commented on briefly.
Section 2 presents solutions describing bodies in equilibrium while sec-
tion 3 is concerned with dynamical asymptotically flat solutions. After an in-
terlude on the relations to Newtonian theory and special relativity in section
4, section 5 describes results on cosmological solutions. Section 6 contains
some reflections on the methods which have been used to prove theorems
about the Einstein-matter equations up to now.
2. Solutions describing bodies in equilibrium
One of the most fundamental types of solutions of the Einstein equa-
tions with matter are those which describe an isolated body which is at rest
or steadily rotating. These are asymptotically flat and stationary. The sim-
plest case is that of spherically symmetric static solutions of the Einstein
equations with a perfect fluid as matter model. The existence question for
this case was studied in [1]. Consider a perfect fluid with energy density ρ
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and pressure p related by an equation of state p = f(ρ). Here f is a contin-
uous non-negative real-valued function on an interval [ρ0,∞), where ρ0 ≥ 0.
Suppose that f is C1 for ρ > 0 and df/dρ > 0 there. In [1] it was shown that
for each positive real number pc there exists a unique inextendible spheri-
cally symmetric static solution of the Einstein-Euler equations with a given
equation of state and central pressure pc which is global in the sense that
the area radius r takes on arbirarily large values. The field equations are
in this situation ordinary differential equations and the theorem is proved
by integrating these equations starting at the centre. There are two essen-
tial points in the proof. The first is that the equations have a singularity
at the centre so that the standard existence theory for ordinary differential
equations is not applicable there and a replacement must be found. This
is provided by a modification of the contraction mapping argument used to
prove existence and uniqueness in the regular case. The second is that it is
necessary to show that the quantity 2m/r, where m is the mass function,
remains bounded away from unity, since otherwise the solution could break
down at a finite radius.
This theorem is not the end of the story since there is no guarantee that
the solutions whose existence it asserts are asymptotically flat; it could be
that m→∞ as r →∞. In [1] two cases were exhibited where the solutions
are asymptotically flat. The first is the case ρ0 > 0. There it is easy to
show that the pressure becomes zero at a finite radius r0 and an exterior
Schwarzschild solution can be matched there to give a model of a fluid body
with finite radius and mass. Another class of asymptotically flat solutions
was obtained by a rigorous perturbation argument based on the Newtonian
limit. Newtonian models with finite radius for a polytropic fluid were used as
seeds to produce solutions of the Einstein equations with perfect fluid source
using the continuous dependence of the solution of an ordinary differential
equation on parameters. The existence of the Newtonian solutions is classical
[2].
Consider next spherically symmetric static solutions of the Einstein
equations with collisionless matter. Here the matter is thought of as made
up of a cloud of test particles which interact with other only by the gravita-
tional field which they generate collectively. They are described statistically
by a distribution function f which is the number density of particles with
given position and momentum at a given time. It satifies the Vlasov (colli-
sionless Boltzmann) equation. (For information on this equation and general
relativistic kinetic theory in general the reader is referred to [3].) Each par-
ticle travels along a geodesic and as a result of the assumed symmetries of
the spacetime the energy E and modulus of the angular momentum F of
each particle (defined in terms of the Killing vectors) are conserved. Any
distribution function of the form f = φ(E, F ) for some function φ is a solu-
tion of the Vlasov equation. This provides a useful method of searching for
spherically symmetric solutions. In [4] the case where φ is a function of the
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energy E alone was studied. This problem is similar to the fluid problem
discussed already and the difficulties which have to be overcome to obtain
an existence and uniqueness theorem are the same. Once this has been done
there remains the question, for what functions φ the solutions obtained are
asymptotically flat. A class of solutions with finite radius was obtained in
[4] by perturbing Newtonian solutions, as in the fluid case. The existence of
appropriate Newtonian solutions follows from the results of [5]. The more
general case where φ also depends on F was studied by Rein [6]. He proved
the existence of solutions with regular centre and finite radius as in the
simpler case. He also produced solutions representing a shell of matter sur-
rounding a Schwarzschild black hole. Interestingly in that case the finiteness
of the radius could be shown directly without using the Newtonian limit.
This paper also contains a method of bounding 2m/r which is simpler and
applicable in more general situations than that given in [1]. (Yet another
method can be found in [7].) There is a conjecture (‘Jeans’ Theorem’) that
all static spherically symmetric solutions of the Einstein-Vlasov equations
are such that f depends only on E and F . The corresponding theorem in
Newtonian theory has been proved [5]. The solutions of [6] with black holes
are counterexamples to the naive generalization of this statement to general
relativity.
Problem Prove an analogue of Jeans’ theorem in general relativity. Is the
naive generalization true in the absence of black holes?
Under rather general circumstances static solutions of the Einstein equa-
tions with a perfect fluid as matter model are spherically symmetric. No such
general constraint exists on solutions with collisionless matter. In fact it is
probably the case that the astrophysical objects where a description by colli-
sionless matter is most accurate are elliptical galaxies since on the one hand
they contain little gas (which would require a hydrodynamic treatment) and
on the other hand they contain sufficiently many stars to make the statistical
model better than in the case of globular clusters [8].
Problem Investigate the existence of static solutions of the Einstein-Vlasov
system which are not spherically symmetric. Are there solutions of this type
containing tidally deformed black holes (i.e. ones not locally isometric to the
Schwarzschild solution)?
The equations for spherically symmetric elastic bodies have been studied in
[9] but there is no existence theory for general constitutive relations known
in that case.
Problem Study the existence of spherically symmetric static elastic bodies
in general relativity
It can be seen from the above that quite a lot is known about asymp-
totically flat static solutions of the Einstein-matter equations. Much less is
known about solutions which are stationary but not static. In fact there
is only one existence theorem available in this case, which is due to Heilig
[10]. He proves the existence of rigidly rotating solutions with compactly
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supported density for a perfect fluid having an equation of state belonging
to a certain class which includes equations of state of the form p = Kργ with
1 < γ < 2. The method of proof is once again a perturbation argument,
starting fom Newtonian theory. The idea is to start with a non-rotating
Newtonian solution and perturb simultaneously in the parameter λ = 1/c2,
where c is the speed of light, and the angular velocity ω of rotation. Techni-
cally, this is done by applying the implicit function theorem in a subspace of
a weighted Sobolev space. The subspace is defined by symmetry conditions
and is necessary to get rid of zero eigenvalues of the linearized operator.
This argument is a generalization of the classic work of Lichtenstein [11] on
the existence of rotating fluid bodies in Newtonian theory. (For a modern
treatment of this, see Heilig [12].) The solutions produced by the perturba-
tion argument are slowly rotating. It would be interesting to produce more
extreme solutions of the kind which can be observed in numerical computa-
tions[13].
Problem Prove the existence of rapidly rotating solutions of the Einstein-
Euler system.
It is also natural to examine possible analogues of Heilig’s theorem for colli-
sionless matter.
Problem Prove the existence of stationary solutions of the Einstein-Vlasov
system which are not static.
Now we turn to a discussion of results which prove, under certain hy-
potheses, that a static solution of the Einstein-Euler system must be spher-
ically symmetric. The recent progress on this topic is based on an idea of
Masood-ul-Alam to use the positive mass theorem to prove the spherical
symmetry in a way similar to that in which that theorem had previously
been used to prove uniqueness results for black holes. A given static so-
lution of the Einstein-Euler system is compared with a reference solution,
which is spherically symmetric and has the same equation of state and sur-
face potential as the given solution. This idea was used to prove a theorem
in [14] under rather restrictive conditions on the equation of state. This
was improved by Beig and Simon [15], who extended it to equations of state
p = f(ρ) satisfying the inequality
ρ+ p
f ′
dκ
dρ
+ 2κ+
1
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κ2 ≤ 0
where κ = (f ′)−1(ρ + p)/(ρ + 3p). However the statement was still only a
relative one, namely that if, for a given solution, a corresponding reference
solution exists, then the given solution must coincide with the reference so-
lution and hence be spherically symmetric. The question of the existence
of reference solutions remained open. It was answered by Lindblom and
Masood-ul-Alam [16]. They did not exactly show the existence of a smooth
reference solution but they did produce a solution of the equations with good
enough properties to make the comparison argument go through. Thus the
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proof of spherical symmetry was completed for equations of state satisfying
the above inequality.
3. Dynamical asymptotically flat solutions
Once we have solutions describing equilibrium situations, it is natural
to go on to look for dynamical solutions which describe the motion of bodies,
at least on a short time interval. The appropriate tool for doing this is the
Cauchy problem for the Einstein-matter equations. While the local Cauchy
problem for these equations is well understood for most types of matter
provided there is a strictly positive lower bound for the density, there are
difficulties in describing bodies, where the density should tend to zero at
infinity. The partial results which are known will now be described. In
the case of a perfect fluid two results are known, both of which only cover
restricted classes of initial data. The first of these is a theorem of Kind[17,18]
in the spherically symmetric case for equations of state with ρ0 > 0. The
equations are written in Lagrange coordinates and the method of integration
along characteristics is used. The use of Lagrange coordinates reduces a
problem which a priori involves a (moving) free boundary to one with a
fixed boundary, thus making the problem mathematically more tractable.
Local in time existence and uniqueness of smooth solutions is shown for
initial data with compactly supported density. This problem is essentially
one-dimensional, except for the centre of symmetry, which has to be handled
separately. In higher dimensions the equations for a perfect fluid described
in Lagrange coordinates are degenerate and it is not known how to handle
the initial value problem directly in this form.
Another way of trying to avoid the difficulties of a moving boundary
is to ignore the boundary and treat the region with fluid and the exterior
vacuum region on the same footing. The problem with this is the following.
In a situation where the density is bounded below by a positive constant
the Euler equations can be written in symmetric hyperbolic form and this
immediately leads to a local existence and uniqueness theorem. However,
when the equations are put into symmetric hyperbolic form in the usual way,
the hyperbolicity breaks down at any point where the density vanishes. If the
density is everywhere positive but tends to zero at infinity then the equations
are hyperbolic but not uniformly so, which means that the standard theory
does not guarantee a time of existence of a solution which is uniform in
space. There is a case where the difficulty of the boundary can be got
round. This is a generalization of a trick which was first used for fluid
bodies in Newtonian theory by Makino [19]. The density is replaced by
a new variable w which is in general a non-smooth function of ρ at the
boundary. After this change of variables the equations can be written in
a form which is symmetric hyperbolic even when the density vanishes. A
local existence theorem for suitable initial data is an immediate consequence
[20,21]. The problem with this is that ‘suitable’ initial data must be such that
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w is sufficiently differentiable and this represents a rather strange restriction
when thought of in terms of the energy density ρ, which is the variable with
a straightforward physical interpretation. That this restriction is a serious
one can be seen from the fact [20] that the boundary of the body is freely
falling (i.e. the flow lines of the fluid in the boundary are geodesic) for all
these solutions. Intuitively this means that the matter is behaving almost
like dust near the surface of the body.
Problem Prove a local in time existence and uniqueness theorem for solu-
tions of the Einstein-Euler equations with spatially compact support and less
stringent restrictions on the data than required for the solutions of Makino
type (e. g. small perturbations of the data coming from a static solution)
It is probable that the difficulty of this problem is not just one of mathe-
matical technique but that there is a physical reason why it is so delicate.
This is the Rayleigh-Taylor instability which causes fluid interfaces to be vi-
olently unstable under certain circumstances. (For a discussion of this point
see Beale et. al. [22].)
In Newtonian physics it has been shown by Secchi[23] that the Cauchy
problem for the Navier-Stokes equations coupled to gravity is well-posed
locally in time for initial data of compact support provided the equation
of state satisfies ρ0 > 0 and both coefficients of viscosity are non-zero. It
is well-known that there are difficulties in describing a relativistic viscous
fluid and, in particular, there does not seem to exist a preferred relativistic
generalization of the Navier-Stokes equation. (For a recent discussion of
relativistic models for a viscous fluid see [24].) The relativistic models of a
viscous fluid which have been proposed and which have a well-posed Cauchy
problem are hyperbolic, in contrast to the Navier-Stokes equation, which
is parabolic in character. It is thus not clear whether the incorporation of
viscosity in this way leads to an improvement in the Cauchy problem for a
fluid body, as it does in the Newtonian case.
In kinetic theory there is no qualitative change in the equations in going
from non-vacuum to vacuum and a local existence and uniqueness theorem
for the Einstein-Boltzmann equations with initial density of compact support
is known [25]. For elasticity theory, there are theorems for the interior of an
elastic medium [26] but no existence theorems for initial data corresponding
to an elastic body in general relativity are known. As in the fluid case it is
necessary to face a moving boundary problem.
Problem Prove a local existence and uniqueness theorem for an elastic body
in general relativity
Since the only description of matter for which a satisfactory general
local existence theorem for a localized concentration of matter is known is
that given by kinetic theory, it is natural to start with this kind of matter
when looking for global results. Moreover, within the kinetic description the
simplest case is that of collisionless matter described by the Vlasov equation.
The first result on the global behaviour of asymptotically flat solutions of
7
the Einstein-Vlasov equations was obtained in [27]. It was shown that the
maximal Cauchy development of small, spherically symmetric initial data for
these equations is geodesically complete. The asymptotic behaviour of the
solution at large times could also be described in some detail. The proof was
carried out using Schwarzschild coordinates. In the same paper a criterion
was obtained for when a solution of the equations (written in Schwarzschild
coordinates) on a given time interval can be continued to a larger time in-
terval. This criterion was strengthened in [28] where it was shown that if a
solution of the equations in Schwarzschild coordinates develops a singularity
then the first singularity must be at the centre of symmetry. This essentially
means that the entire problem of showing global existence of solutions of
these equations for large initial data reduces to controlling the behaviour
of the solution near the centre. This control has not yet been achieved; if
it could be then it should furnish a proof of the weak cosmic censorship
hypothesis for spherically symmetric spacetimes with this matter model.
Recently, Christodoulou [29] has obtained some interesting results on
the global behaviour of spherically symmetric solutions of the Einstein-Euler
equations in the case of a very special equation of state. The pressure is zero
up to a certain critical density and for densities above this value the matter
is stiff (dp/dρ = 1). This equation of state is highly idealized but can be
used as a first approximation in the study of the dynamics of a supernova.
Christodoulou is able to obtain global control of the solution of the Cauchy
problem in this case and he finds solutions whose global behaviour resembles
qualitatively that of a supernova explosion. There is a collapse followed by
the formation of a shock wave which blows matter off to infinity. The fact
that shock waves are included makes it clear that the solutions involved are
not classical solutions of the Einstein-Euler equations but weak solutions.
However, in contrast to many cases where the existence of weak solutions of
systems of partial differential equations has been proved, the solutions here
are shown to be uniquely determined by initial data.
The global dynamical solutions mentioned up to now are spherically
symmetric. Unfortunately it seems that once spherical symmetry is aban-
doned the largest possible dimension of the isometry group of an asymptot-
ically flat spacetime without singularities or distributional matter sources is
one. Moreover in this case, which is that of axisymmetry, the single Killing
vector field has fixed points. In our present state of knowledge, axisymmet-
ric solutions of the Einstein equations do not seem to be significantly easier
to handle than the general case. Note that there are no results on asymp-
totically flat solutions of the Einstein equations with matter approaching in
generality the theorem of Christodoulou and Klainerman [30] concerning the
vacuum field equations. In fact we know nothing about the global dynamics
of solutions of the Einstein-matter equations without symmetry. It should
be mentioned that there is one case which, while not asymptotically flat in
the usual sense, does share some features of asymptotic flatness. This is
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the case of cylindrically symmetric spacetimes which are asymptotically flat
in all directions where this is consistent with the symmetry. Solutions of
the source-free Einstein-Maxwell equations with this symmetry have been
studied by Berger, Chrus´ciel and Moncrief[31]. Solutions of the Einstein
equations with matter having this symmetry should also be investigated.
4. Newtonian theory and special relativity
To put the global results just mentioned in context, it is useful to con-
sider the question of solutions of the equations for matter in special relativity
and in the Newtonian theory of gravity. (One of the advantages of the def-
inition of ‘matter’ used here is that it is typical that each matter model in
general relativity has a reasonable analogue in Newtonian theory.) It is im-
portant to realize that open questions abound even in these simpler contexts
but that there are a number of interesting new results concerning the Euler
equation and the Boltzmann equation. Some of these will now be reviewed.
Solutions of the classical (compressible) Euler equations typically de-
velop singularities in finite time [32]. Shock waves are the best known kind
of singularity which occurs. If we wish to study the global dynamics it is
necessary to consider weak solutions. There are various results known on the
existence of global weak solutions in one space dimension for certain equa-
tions of state but there are no uniqueness theorems in one dimension and no
global existence theorems in higher dimensions. This shows how difficult the
study of the compressible Euler equations is from a mathematical point of
view and emphasizes how remarkable it is that Christodoulou has been able
to obtain the results mentioned in the previous section. Until recently even
less was known in the special relativistic case than in the non-relativistic case.
However Smoller and Temple [33] have now proved a global existence theo-
rem for the special relativistic Euler equation with a linear equation of state,
so that the difference is no longer so great. Another question which may be
asked is that of the nature of the singularities which occur when classical
solutions of the Euler equation break down. A partial answer in the case of
classical hydrodynamics was obtained by Chemin[34] who showed that when
a classical solution breaks down the expansion or rotation of the fluid or the
gradient of the density must blow up at some point. Generalizations of this
result to the cases of a self-gravitating fluid in Newtonian theory and that
of a special relativistic fluid have been obtained by Brauer[35].
In classical hydrodynamics viscous fluids are more tractable than perfect
fluids from a mathematical point of view. In particular, it is known that
given initial data close to equilibrium data there exist corresponding global
smooth solutions of the Navier-Stokes equations. The proof uses the fact that
the Navier-Stokes equations are essentially parabolic in character. If similar
results hold for relativistic models of viscous fluids then the mechanism which
prevents singularity formation must be more subtle, since the equations are
hyperbolic.
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Turning now to kinetic theory, the situation is much better. Self-
gravitating collisionless matter is described in Newtonian theory by the
Vlasov-Poisson system. Many years of study of solutions of these equa-
tions with asymptotically flat initial data culminated recently in the proof
of global existence of classical solutions for general initial data [36, 37]. The
proof can also be adapted to apply to Newtonian cosmology [38]. Less is
known for the Boltzmann equation but there are nevertheless a number of
significant results. For the classical Boltzmann equation global existence of
classical solutions has been proved for spatially homogeneous initial data and
for data which are small or close to equilibrium. For general data with finite
energy and entropy global existence of weak solutions (without uniqueness)
was proved by DiPerna and Lions [39]. For information on these results
and on the classical Boltzmann equation in general see [40,41]. In the last
few years some of these results have been extended to the special relativistic
Boltzmann equation. Glassey and Strauss have proved a global existence
theorem for initial data close to equilibrium [42] while Dudyn´ski and Ekiel-
Jezewska[43] have proved a relativistic analogue of the DiPerna-Lions result
on weak solutions. Interestingly the oldest of the theorems concerning the
classical Boltzmann equation has apparently not yet been extended to the
relativistic case, which leads to the following
Problem Prove a global in time existence theorem for classical solutions of
the Boltzmann equation in special relativity with spatially homogeneous in-
tial data or, even better, an appropriate analogue for spatially homogeneous
solutions of the Einstein-Boltzmann equations.
If a particular matter model is such that it develops singularities when
considered as a test field in a given smooth spacetime (and in particular in
special relativity) then it is not surprising if the system obtained by coupling
this matter model to the Einstein equations develops singularities which have
little to do with gravitational collapse. The best-known example is that of
the shell-crossing and shell-focussing singularities of dust. It is simply that
the matter variables lose differentiability and cause the geometry to lose dif-
ferentiability as well. Hence if matter models of this kind are permitted, it
seems overoptimistic to expect that good global properties of spacetime such
as strong cosmic censorship or the existence of a global foliation by hyper-
surfaces of constant mean curvature will hold. Therefore a good strategy in
studying these problems is to choose only matter models which always have
global smooth solutions corresponding to smooth initial data on a Cauchy
surface in a smooth globally hyperbolic spacetime. Such matter models will
be called tame. A model which is obviously tame is that of collisionless mat-
ter since in that case the field equation in a given background spacetime is
linear. Of course it is easy to think of field theoretic matter models which
are tame because the equations are linear, e.g. a Maxwell field or a massless
scalar field. Evidence that the restriction to tame matter models is useful in
global problems is provided by the results on crushing singularities[44] which
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will be discussed in the next section. The comparison with Newtonian theory
can also be helpful. An example is the insight provided into the numerical
results of Shapiro and Teukolsky [45] by comparing them with the analytic
results for the Vlasov-Poisson system mentioned above (see [46]). More in-
formation on the issue of the choice of matter model in general relativity can
be found in [47].
5. Spatially compact spacetimes
Next spatially compact spacetimes will be discussed, i.e. spacetimes
which possess a compact Cauchy surface. These will be referred to in what
follows as cosmological spacetimes since this boundary condition is appro-
priate for cosmological models. Of course it is not claimed that it is the only
appropriate one. However the importance of imposing some spatial boundary
condition in mathematical studies of cosmological models should be empha-
sized. For without an assumption of this kind anything can happen; it is
impossible to say anything reasonable about the nature of singularities since
any kind of singularity can be built into the initial data. The assumption of
a compact Cauchy surface is the simplest possibility and therefore a reason-
able starting point. Here the variety of symmetry types which permit the
Einstein-matter equations to be studied under relatively simple conditions is
much richer than in the asymptotically flat case.
The most symmetric cosmological spacetimes are those which are spa-
tially locally homogeneous. This means by definition that the universal cov-
ering of the spacetime admits a group of isometries with three-dimensional
spacelike orbits. In other word the universal covering spacetime is spatially
homogeneous. The reason for wishing to include spacetimes which are spa-
tially locally homogeneous rather than just those which are spatially homo-
geneous is that it allows a much greater variety of symmetry types for a
spatially compact spacetime. If a spatially compact spacetime is spatially
homogeneous then it must have Bianchi I, Bianchi IX or Kantowski-Sachs
symmetry. Generalizing to local homogeneity permits in addition Bianchi
types II, III, V, VI0, VII0 and VIII. The literature on the subject of spatially
homogeneous spacetimes is vast and only a few recent developments will be
mentioned here. In [48] the singularities of spatially compact spatially lo-
cally homogeneous solutions of the Einstein equations were investigated for
a rather general class of phenomenological matter models. The results were
that if the spacetime is not vacuum then for Bianchi IX and Kantowski-Sachs
spacetimes there is a curvature singularity in both time directions while for
the other Bianchi types there is a curvature singularity in one time direc-
tion and the spacetime is causally geodesically complete in the other time
direction. In particular this proves strong cosmic censorship in this class
of spacetimes. It is interesting to note that in this case the Einstein equa-
tions with matter are easier to analyse than the vacuum Einstein equations.
In the vacuum case the geodesic completeness statement still holds but the
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statement about curvature singularities does not. It fails for spacetimes
with Cauchy horizons, such as the Taub-NUT solution. In the vacuum case
it is possible to determine which spacetimes admit an extension through a
Cauchy horizon and which do not [49,50] but the question of whether those
spacetimes which do not admit extensions through a Cauchy horizon do have
curvature singularities remains open.
While the questions of geodesic completeness and curvature singularities
are of capital importance, it is also of interest to have more detailed informa-
tion about the dynamics near the singularity. In the case where the matter
model considered is a perfect fluid quite a lot is known [51]. On the other
hand the compexity of the dynamics depends significantly on the matter
model chosen. This will be illustrated by two examples. The first is the case
of solutions of the Einstein-Vlasov system of Bianchi type I. Note that this is
the Bianchi type which is a priori the simplest. This problem was considered
in [52] but only with limited success. The possible types of dynamical be-
haviour near the singularity were reduced to a short list but the question of
which types on this list are actually realized was not answered. In particular
the possibility was left open that complicated oscillatory behaviour might
occur in this situation. A numerical investigation of the dynamics would be
desirable. With luck it would reveal the answer and this answer could then
be proved to be correct. The other example is due to Leblanc, Kerr and
Wainwright [53] and concerns spacetimes of Bianchi type VI0 with perfect
fluid and a magnetic field. It was found that these spacetimes display a be-
haviour very similar to that of the Bianchi IX spacetimes with a fluid alone
(Mixmaster spacetimes). This is very interesting for the following reason. A
fascinating open question is whether the complicated Mixmaster behaviour
is stable or whether it would be destroyed by a small inhomogeneous pertur-
bation. It would be very convenient for numerical or analytical studies if the
Mixmaster spacetime could be perturbed in the class of spacetimes with two
local Killing vectors. Unfortunately any small perturbation of a Mixmaster
spacetime has either no more than one local Killing vector or it has three, in
which case it is again a Mixmaster solution. The Leblanc-Kerr-Wainwright
solutions do not suffer from this problem. A Bianchi VI0 spacetime can be
perturbed to a spacetime with two local Killing vectors. These generalized
Bianchi VI0 spacetimes have Cauchy surfaces whose topology is that of a
bundle over a circle with fibre a torus. The part of the bundle over a small
part of the circle admits a U(1)×U(1) symmetry group but there is no cor-
responding global action. One problem which does remain is that perturbing
a fluid solution is likely to lead to problems with shocks, so that the matter
model used in [53] would need to be replaced by something else. Neverthe-
less, this appears a promising approach to understanding more about the
stability of the Mixmaster solution.
Our understanding of the global properties of inhomogeneous cosmo-
logical solutions of the Einstein-matter equations is still very limited. With
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one exception, to be mentioned at the end of this section, theorems are only
available in cases with three local Killing vectors. Note that more is known in
the better-studied vacuum case, where there are results for spacetimes with
only two Killing vectors [54]. The existence of Killing vectors in a spacetime
allows the study of the dynamics of the Einstein equations to be reduced to
an effective problem in lower dimensions. If, however, the dimension of the
orbits is not constant, this leads to singularities in the equations in the lower
dimensional space. In this way a large part of the benefit of the reduction is
lost. It is thus natural to begin by studying the case where the dimension of
the orbits is constant. Spherical symmetry on S2×S1 and plane and hyper-
bolic symmetry have this property. In the latter two cases the situation is
similar to that encountered for spatially locally homogeneous spacetimes. If
a compact Cauchy surface is required then the group defining the full sym-
metry acts only on the universal cover of spacetime and not on spacetime
itself. Note that it is also possible to have spherically symmetric spacetimes
with spatial topology S3 but there the orbits are of variable dimension (there
are two ‘centres’). The most precise result on the dynamics of spacetimes of
this type was obtained by Rein [55] who showed that certain kinds of initial
data for the Einstein-Vlasov equations with spherical, plane or hyperbolic
symmetry necessarily lead to curvature singularities where the Kretschmann
scalar RαβγδR
αβγδ blows up uniformly. These data include an open set of
all data with the given symmetry.
Another type of result concerns the question of crushing singularities.
Recall that a crushing singularity in a cosmological spacetime is one where
a neighbourhood of the singularity can be covered by a foliation by com-
pact hypersurfaces whose mean curvature tends uniformly to infinity. Under
mild assumptions on the matter content of spacetime this is equivalent to
the condition that a neighbourhood of the singularity can be covered by a
foliation by constant mean curvature (CMC) hypersurfaces, whose mean cur-
vature tends to infinity. The significance of crushing singularities has been
discussed in [56] and [57], where it was suggested that singularities in cos-
mological spacetimes should have this property, provided the matter content
of spacetime is sufficiently well-behaved. In [44] and [58] this was confirmed
in the context of solutions of the Einstein-Vlasov equations with spherical,
plane and hyperbolic symmetry which admit at least one CMC hypersur-
face. In the spherical case (on S2 × S1) the whole spacetime can be covered
by a CMC foliation where the mean curvature takes on all real values. In
the cases of plane and hyperbolic symmetry the CMC foliation obtained was
only shown to cover a neighbourhood of the initial singularity. In a space-
time with one of these symmetries it is possible to define an ‘area radius’ as
the square root of the area of an orbit. (In the plane and hyperbolic cases
‘orbit’ should be interpreted as denoting a subset of spacetime whose inverse
image under the projection from the universal covering space is an orbit.)
In Rein’s work [55] this area radius was used as a time coordinate and the
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results obtained were stronger than those of [44] and [58]. In fact the use
of r as a time coordinate has a major advantage and a major disadvantage.
The advantage is that this coordinate is optimally adapted to the symmetry
and hence is a powerful tool. The disadvantage is that this procedure has no
obvious analogue in general spacetimes, or even spacetimes with less than
two Killing vectors. The CMC approach, on the other hand, is potentially
applicable to any cosmological spacetime. For this reason it would be very
desirable to prove an analogue of Rein’s result working directly with the
CMC approach.
Yet another class of results is those which have been obtained by Bur-
nett [59], [60] on the closed universe recollapse conjecture. He shows that
in a globally hyperbolic spherically symmetric cosmological spacetime satis-
fying the dominant energy and non-negative pressures conditions there is a
finite upper bound to the length of all causal curves. In other words, un-
der these assumptions the universe has a finite lifetime. In contrast to the
other cases mentioned above, his theorems cover the case of spherical sym-
metry on S3. It is nevertheless the case that the proof for S3 is significantly
harder than that for S2 × S1. This kind of theorem does not distinguish be-
tween spacetime singularities and matter singularities such as shell-crossing
or shocks. However this is a distinction which it is difficult to make precise
in our present state of knowledge [47].
The most obvious generalization of all these results to a context with
less stringent symmetry assumptions would be to the case of U(1) × U(1)
symmetry. For the closed universe recollapse conjecture the spatial topology
should be chosen to be S3 or S2 × S1, which necessarily leads to a variable
dimension for the group orbits. For the other two types of approach it
is natural to stick to orbits of fixed dimension to start with and thus to
choose the spatial topology S1 × S1 × S1. There is also the possibility of
taking spacetimes with some kind of local U(1) × U(1) symmetry, such as
the generalized Bianchi VI0 spacetimes mentioned above. These possibilities
are now being investigated in detail. They represent the simplest situations
in which the coupling of localized gravitational waves to matter (and to each
other) can be studied.
The last example of a theorem which gives information about the global
dynamics of solutions of the Einstein equations with matter which will be
discussed here is due to Newman [61]. This is concerned with the existence
of spacetimes with isotropic singularities, a concept which is related to Pen-
rose’s Weyl curvature hypothesis. The matter model is a perfect fluid with
the equation of state p = 1
3
ρ. It is shown that, without requiring any symme-
try assumptions, it is possible to set up a well-posed Cauchy problem with
initial data given on the singularity itself. The data which can be given is
roughly speaking half the amount which can be given on a regular spacelike
hypersurface and all the spacetimes produced have isotropic singularities.
Since the solution is uniquely determined by the initial data, if the data are
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homogeneous and isotropic then the solution will have Robertson-Walker
symmetry.
6. Methods
The results discussed in this paper have been obtained by a wide variety
of methods. Some of these have been specially produced to solve particular
problems while others can be seen to be potentially of wider significance. This
section contains some remarks on some of the latter. The Einstein-matter
equations form in general a system of partial differential equations which is
at least in part hyperbolic. The one general technique available at present for
studying hyperbolic equations is the method of energy estimates. This has
been pushed to the limit in the work of Christodoulou and Klainerman on the
vacuum Einstein equations [30]. An introduction to this method accessible to
relativists can be found in [62]. The method consists in obtaining inequalities
for the time variation of the L2 norm of the unknown quantity u in the
equation, defined by ‖u(t)‖L2 = (
∫
(u(t, x))2dx)1/2, and the corresponding
norms of derivatives of u. In the theory of nonlinear elliptic equations, which
is much more developed than that of nonlinear hyperbolic equations, it is
useful to consider in addition the Lp norms for p 6= 2. Unfortunately it is
known that, while all Lp norms of solutions of elliptic equations have nice
properties, this only holds for hyperbolic equations if p = 2. There are
nevertheless possibilities of trying to improve on energy estimates by some
limited use of Lp norms. This idea has not yet borne fruit in the case of
the Einstein equations but it has recently been used to obtain a new result
concerning the Yang-Mills equations [63]. This is a local in time existence
and uniqueness theorem for initial data which are only assumed to have finite
energy. Since the energy is conserved, this immediately implies a global in
time existence and uniqueness theorem. In particular the global existence
result of Eardley and Moncrief [64] is reproduced by a quite new method.
The only one of the global theorems discussed in the above in which
energy estimates play a role is that of Newman. The reason is that in all the
other cases the symmetry assumed is so strong that there are no locally
propagating gravitational waves and correspondingly no truly hyperbolic
phenomena. In Newman’s theorem the global result for the Einstein-matter
equations is translated into a local result for a conformally transformed sys-
tem. This has some similarity to the regular conformal field equations used
by Friedrich[65] to study the Einstein equations in vacuum or with certain
massless fields. An important difference is that while Friedrich’s equations
are regular, Newman’s contain a (mild) singularity, so that it is necessary
to do energy estimates directly. One lower order term in the equations con-
tains a factor 1/t, where t is a cosmic time parameter which vanishes at the
singularity and it must be checked that the standard existence theorem for
symmetric hyperbolic systems can be modified to accomodate this. Wave
phenomena appear when the Einstein-matter equations with U(1) × U(1)
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symmetry are considered but even there, the fact that the hyperbolic equa-
tions are effectively only in one space dimension (at least if the orbit dimen-
sion is constant) means that energy estimates are not the only tool at our
disposal.
In a number of the results above an important role is played by Hawk-
ing’s quasi-local mass. If S is a compact surface in spacetime of area A(S)
the Hawking mass m(S) is defined to be C(A(S))1/2(χ(S)/2+ (1/4pi)
∫
S
ρµ)
where ρ and µ are the expansions of the two families of future-pointing null
geodesics which start orthogonal to S, χ(S) is the Euler characteristic of S
and C is a constant. This constant is usually chosen so that the Hawking
mass of a symmetric sphere in the Schwarzschild solution is equal to the
Schwarzschild mass parameter. However the exact value of the constant is
probably of little significance in general. An alternative expression for the
mass is obtained by applying the Gauss-Bonnet theorem. When this is done
the expression
∫
(K + ρµ) comes up, where K is the Gaussian curvature.
In order to have a physical interpretation as a mass the above expression
should be non-negative, at least under some restrictions. It is well known
that the Hawking mass is negative for certain compact surfaces in flat space
and this suggests limiting consideration to surfaces which are in some sense
as symmetric as possible (cf. [66]). In spacetimes with spherical and plane
symmetry surfaces spanned by the local Killing vector fields have Hawk-
ing masses which are non-negative and can only be zero if the spacetime is
flat[44]. The optimism which this might cause is limited by the fact that in
spacetimes with hyperbolic symmetry surfaces spanned by the local Killing
vector fields can have negative mass. In this case the mass is still of some
use for analysing the Einstein equations but perhaps as a general rule the
Hawking mass is most useful in the case where the surface S is a sphere.
Problem Find a way to obtain some control of solutions of the Einstein
equations with less than two local Killing vectors using the Hawking mass
(or some variant of it).
A technique which seems to be closely related to the Hawking mass and its
positivity was introduced by Malec and O´ Murchadha [67]. They write the
constraint equations in a special way in order to obtain estimates for an
initial data set in terms of its mean curvature. Their technique is a priori
limited to spacetimes with a preferred foliation by surfaces and initial data
sets which are unions of these surfaces. However it may be asked whether it
does not give a hint of some more general property of the Einstein constraint
equations.
The central tool in the proof of Christodoulou and Klainerman of the
nonlinear stability of Minkowski space is the Bel-Robinson tensor. It is
worth noting that Horowitz and Schmidt[68] found, at least in vacuum, a
close connection between the Bel-Robinson tensor and the Hawking mass of
small spheres.
There are various indications that self-similarity emerges in certain sin-
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gularities of solutions of the Einstein equations. An illustration of this is the
use of dimensionless variables in the analysis of Bianchi models [51] which
puts the equations in a tractable form, where self-similar solutions corre-
spond to fixed points of the dimensionless dynamical system. Another is the
privileged position held by self-similar spherically symmetric spacetimes in
the study of naked singularities in asymptotically flat spacetimes.
Problem Give a rigorous analysis of spherically symmetric self-similar so-
lutions of the Einstein-matter equations for a variety of matter models.
The problem to be solved here is to prove the existence of solutions satis-
fying reasonable boundary conditions and this in turn comes down to the
qualitative analysis of a system of ordinary differential equations. A model
for an analysis of this type can be found in the paper [69] of Christodoulou.
The question of cutting off a self-similar solution at a finite radius to get an
asymptotically flat solution is also important.
It would be difficult to make this list of available techniques which might
be used to study general solutions of the Einstein-matter equations much
longer. The conclusion is that all of these should be studied intensively and
that at the same time new techniques should be sought actively. Therein
lies the best hope of the study of the Einstein-matter equations developing
beyond its present embryonic stage in the coming years. The many new
results on global solutions of partial differential equations obtained recently
make it realistic to expect that a lot of progress can be made in understanding
the global dynamics of solutions of the Einstein equations with matter.
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